Abstract. The single-particle energy, velocity and height probability distributions for an ideal gas in a gravitational field are obtained within the microcanonical ensemble framework. The asymptotic expressions for these distributions in the thermodynamic limit are also reported.
Introduction
In most textbooks on statistical mechanics, the microcanonical ensemble serves as a necessary and academic first step to introduce the ensemble theory, but it is rarely used in the study of specific systems. Two main reasons can be argued for this lack of applications. First, many real systems are not kept at constant total energy. Second, from a mathematical (operative) point of view the expressions appearing in this ensemble are less familiar to the students than those appearing in other ensembles. On the other hand, the use of computer simulations in this field have become usual in statistical mechanics classrooms, with the aim of both illustrating experimentally the behaviour of the system and supporting the theoretical expressions. In this context, it mnst be noted that the majority of these computer simulations are designed for a finite system having a constant total energy. Then, it is clear that a correct interpretation of the results can only he achieved by comparing the computer simulation data with the microcanonical formulae. This correct comparison could be essential in studies of small systems.
Perhaps the most typical example to which the above paragraph applies is the calculation of the probability distribution, w ( F ) , of the momentum @ of one of the particles of an ideal gas. Students know that such a distribution has the Maxwell form (or the Maxwell-Bolfzmann form if one is concerned with the distribution of the absolute magnitude of the Resumen. Haciendo us0 de la colectivdad microcanbnica, en este trabajo se obtienen la distribucibn de probabilidad para la energia, la velocidad y la altura de un particula para un gas ideal en un campo gravitatorio. TambiCn se obtienen las correspondientes distribuciones en el l i i t e tennodinhim.
velocity: v = IFI,"). Strictly speaking the Maxwell expression is the distribution of particle momenta in the canonical ensemble. However, in the microcanonical ensemble this distribution has a form that differs from the Maxwell one, approaching Maxwell> form in the thermodynamic limit. Therefore, the momentum distribution generated in microcanonical simulations must be compared with the appropriate microcanonical form and not with the Maxwell form. In a recent issue of this journal Welasco er ai 1993), the importance of this question in studies of systems with a reduced number of particles has been discussed. This is the case, for instance, when the simulations are performed with a reduced number of particles in order to make the simulation in a reasonable time, or when one is interested in the behaviour of small systems, such as clusters.
The aim of the present work is to analyse, following the above discussions, the single-particle distributions for a particularly interesting system: an ideal gas in a gravitational field. There are several pedagogical reasons for this study. First, this system is more realistic than the usual ideal gas. Second, not only momentum (or velocity) and energy distributions but also a position (height) distribution appears in this problem (remember that, in the absence of a gravitational field, for the ideal gas all positions inside a vessel are equally probable). Third, this system is very useful in illustrating some properties of probability distribution functions (factorization, statistical correlations, etc). Furthermore, we note that the single-particle distributions for this system in the canonical ensemble appear in many textbooks on statistical mechanics (see, for instance, Becker 1967, pp 94-8 and 142); in particular, the height distrihution in the canonical ensemble has the well known baromelric form.
We start, in section 2, by calculating the microcanonical density function for an ideal gas (in any dimension) in a vertical gravitational field. The single-particle height and momentum (or velocity) distributions are then derived by integrating this density function over appropriate phase coordinates. The integrations appearing in the calculations are carried out by means of a procedure based in the Dirichief integral (Fernindez-Pmeda er ai 1979). The single-particle energy distribution is obtained from the well known energy distribution law of a component in the microcanonical ensemble. The moments associated to each distribution are derived and some interesting observations on the statistical correlation between height and velocity are also reported. In section 3 we calculate the asymptotic expressions of the microcanonical distributions in the thermodynamic limit, obtaining the canonical forms characterizing this system. In particular, we show that the momentum and velocity distributions are identical to the Maxwell and MaxudlBoifzmann distributions of an ideal gas (without gravitational field) whereas the height distribution takes the barometric form. The moments corresponding to the canonical distributions are also calculated, shoulng that height and velocity are now statistically independent variables. Finally, in section 4, a comparison between microcanonical and canonical distributions for a two-dimensional ideal gas in a gravitational field is made.
Single-particle distributions in the microcanonical ensemble
We consider a f-dimensional ( f = 1,2,3) ideal gas consisting of N identical structureless particles contained into a vertical vessel of linear dimensions L .
(a = 1,. . . ,f). The system is placed in a gravitational field of intensity g directed downward. The classical Hamiltonian of the system is (1) where m is the mass of a particle, pa a Cartesian component of the momentum of a particle, zj the height of the ith particle with respect to the bottom o f the vessel, and 0 inside the vessel, 00 in the vessel walls.
&=(
Furthermore, we assume that the vertical dimension L, of the vessel is such that: L, = m.
The density funetion
In the microcanonical ensemble the macrostate of the system is defined by a constant energy (E), a k e d number of particles ( N ) and a k e d volume ( V ) . The equilibrium density function is given by where ( q , p ) (ql,. . . , q /~; pI,.. , , p ) denotes the phase coordinates of the system, 6 6 is the Dirac delta function, and R(E, V , N ) is the densify of sfares, which is equal, by definition, to the number of microstates compatible uith the macrostate ( E , V , N ) . It is well known that the density of states can be obtained from, where Q(E, V, N ) is the phase volume, which is defined as the number o f microstates with energy equal to or less than E, 
where S(x) is the Heaviside step function, E\ = E -(,#2/2m) -mgq, and where the subscript m means microcanonical. The integral in equation (9) has the same form as equation (5). Identifying parameters and taking into account equation @), one obtains Furthermore, taking into account that and that p = mw, from equation (10) one gets:
for the height and velocity (modulus) density distribution for one particle. The single-particle height distribution w,,,(zI) can be obtained by integrating distribution (12) over the velocity wl, Taking into account the integral one obtains,
In a similar way, and using equation (13), the single-particle velocity distribution w m ( q ) can be obtained by integrating distribution (12) over the spatial coordinate zI,
This velocity distribution diiTen from the Schlilter distribution, characteristic of an ideal gas (without gravitational field) in the microcanonical ensemble (Schliiter 1948, Velasco et a1 1993), which is given by:
Next we shall derive the moments ($), and ( f l ) m of distributions (14) and (15) shows the fact that: wm(z1,01) # wm(z~)wm(ul) (23) which indicates that, in a microcanonical scheme, the height and the velocity of one particle are not staristicolry independent variables for an ideal gas in a gravitational field; one says that they are correlated variables. As a measure of this correlation we can consider the cross moment, 
Energy probability distribution
Since the energy of one particle depends both on its velocity and its height, it is not possible to derive the single-particle energy distribution from the height and velocity distribution (12) in a straightforward way. Students of introductory courses in statistical mechanics know that if an isolated system C can be descomposed, in the sense discussed by Khinchin (1949, pp 38-43), into two components CI and En, the probability density of the energy E, of the component CI has the form (Khiuchin 1949, p 75, Becker
1967, p 138):
In particular, considering one particle as component where RI, R ( N -I ) and RN denote the density of statfor a system consisting of one, (N -1) and N particles, respectively. We remark that the above equation is verified when the interparticle energy interaction can be neglected, so that the energy of the svstem is eiven bv the sum of the energies of con--stituint partiiles. .
Substitution of eauation (8) into eauation (26)
. I ~ ~, leads to:
which is the single-particle energy distribution for the considered finite system in the microcanonical ensemble. Note that this distribution differs from the Schliiter energy distribution characteristic of an ideal gas without gravitational field (Velasco er a1 1993) which is given by:
Using integral (13), the moments of distribution (27) can be obtained by a simple calculation,
E ( W m = lo E / ' P~( E I W I
In particular, the first two moments are given by:
Based on equations (19) and (20), one can check that: (El)m =fm(~?)tn+mg(zl)m.
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The thermodynamic limit
In the thermodynamic Limit (TL) E -=finite # 0 N N + m , E + W (32) the microcanonical distributions must approach the canonical forms, since the infinite system acts as a thermal bath for the single particle. Introducing the limits (34) the TL of single-particle distributions (IO), (12), (14), (15) and (27) are, respectively, and taking into account expressions (7) and (81, one obtains which remains finite in the thermodynamic limit. Substitution of equation (41) into equations (39439) leads to the following expressions for the single-particle distributions of an ideal gas in a gravitational field within the canonical ensemble framework:
where the label 'c' means canonical. (28). respectively.) One can see that the velocity distributions (45) and (47) have the same form, i.e. within the canonical scheme the single-particle velocity distribution of an ideal gas is not sufficient to discern whether the system is or is not in a gravitational field (remember that both distributions are different in the microcanonical scheme). However, the single-particle energy distributions (46) and (48) are not equal as it happens in the microcanonical scheme.
Next we shall derive the moments of the singleparticle canonical distributions. From equations (44), (45) and (46), one gets:
Comparison of these moments with those of the corresponding microcanonical distributions leads to: Single-particle height distributions for a twodimensional ideal gas consisting of 3, 4, 5 and 6 particles in a gravitational field: microcanonical distribution (solid lines) and canonical (baromerric) distribution (dotted lines). The inset shows the corrmponding log plots.
Case of a two-dimensional ideal gas
We now proceed to compare the microcanonical and canonical distributions reported in the above sections for the case of a two-dimensional (f = 2) ideal gas in a gravitation field. In order to do this comparison we use reduced heights, velocities and energies, defined 
Then, the single-particle height (14), velocity (15) and energy (27) distributions, with f = 2, in the micro- 
go while the corresponding distributions in the canonical ensemble (equations (37), (38) and (39), respectively) take the forms:
pc(.El) = 4El exp(-2El).
(62) Figure 1 shows a comparison between the microcanonical (57) and canonical (60) height distributions for N = 3, 4, 5 and 6. We can see that the microcanonical distribution approaches the barontelric distribution (60) very quickly as N increases. Probably, a more illustrative way of comparing the above distributions is showing the corresponding log w(li). This is also shown in figure 1 , where one can appreciate the deviation of the microcanonical height distribution from the linear behaviour of the logarithmic barometric distribution. Figure 2 shows the comparison between the microcanonical (58) and canonical (61) velocity distributions for N = 3, 4, 5 and 6. We can see that the microcanonical distribution approaches the Maxwell distribution (61) very quickly as N increases.
In order to illustrate the inhence of the gravitational field, we have also plotted in figure 2 the single-particle microcanonical velocitv distribution of an ideal gas in the absence of grahtational field (equation (16) withf= 2), Finally, figure 3 shows the comparison between the microcanonical (59) and canonical (62) energy distributions for N = 3, 4, 5 and 6, respectively.
Conclusions
We have derived, in the microcanonical ensemble framework, the single-particle height, velocity and energy distributions of an ideal gas in a gravitational field. Calculations are based on well known concepts in standard statistical mechanics courses and the necessary mathematical background is accessible to students of these courses. Among the obtained results we remark that for this system the height and the velocity are not statistically independent variables. We have also shown that the microcanonical distributions approach the canonical forms (with the characteristic exponential factor) in the thermodynamic limit. Although there are differences between these distributions and the canonical forms, it is remarkable that they are very close even for a reduced number of particles.
